An atlas or catalogue of mechanisms provides a useful aid in the synthesis of mechanisms for new applications. The atlas stores mechanisms together with their coupler paths. Fourier techniques can be used as a convenient means for representing, in normalized form, curves for planar mechanisms. This paper looks at the extension to spherical four-bar mechanisms. In particular, a means for projecting a spherical curve onto a plane is discussed which depends only on the geometry of the curve and not on the choice of world coordinate system.
Introduction
Mechanisms and, in particular spherical mechanisms, have a wide range of uses. These include function and motion generation, possibly between given precision points [1, 2] or to achieve given spatial re-orientations of an object [3] . Spherical mechanisms can be used as grippers [4] or wrists [5, 6] within robotic systems; and a recent extension of this is to robotic surgery [7, 8] . They have also been proposed as means of establishing orientations in aerospace [9] and of creating flapping wings for emulating natural flight [10, 11] .
One area of design interest is that of mechanism synthesis. Here mech anisms which can potentially achieve a given task are sought. Many search methods have been proposed to deal with the synthesis problem (for example [12, 13, 14, 15] ). These use optimization techniques to change a given mech anism to one which more accurately generates a prescribed path, usually a coupler path.
The success of these approaches depends upon the mechanism selected to start the search process. One approach to obtaining a good start point is the use of some form of atlas or catalogue of mechanisms. Before easy access to computer systems was available, such atlases were provided in the form of printed books [16] . Today, computer-based atlases are possible. In use, the curve to be generated is specified. The atlas is then searched and the best ten or so mechanisms are made available [17] . This allows the designer some choice of which to use as the starting point for finding a more optimal solution and, if required, additional constraints on performance can be imposed [18, 19, 20, 21] . In setting up an atlas, some means of recording the properties of the coupler curve needs to be employed. Methods that have been investigated include the use of wavelets [22] , and the purely geometric properties of the curve [23] , in particular its curvature [24] .
Much of the previous work on atlases has been concerned with planar mechanisms. There has however been recent interest in atlases for spherical mechanisms, in particular four-bar linkages [25, 26] . The approach used is to describe the coupler curve in terms of Fourier coefficients, an approach which works well for planar curves [27, 28] . The task is more difficult when the curve lies on a spherical surface. The solution previously adopted [25, 26] is to project the curve onto a plane perpendicular to the x-axis of the world coordinate system. The choice of a specific axis seems somewhat arbitrary (although any four-bar mechanism can be re-oriented so that the fixed pivot for the crank link lies on this axis). There appears also to be the possibility that some detail of the coupler curve may lost. This occurs, for example, if the curve is distant from the x-axis and so presents a projected profile which is roughly a circular arc rather than a closed curve.
The purpose of this paper is to present an alternative means of projection which takes account of the purely geometric properties of the curve and so does not depend on the particular orientation of the axes. This new approach is also different in that it fits the given curve to a sphere as a separate part of the process. This is useful as it provides a measure of how closely the curve lies on a sphere. Furthermore it can be used to normalize the curve so that it lies on a unit sphere centred at the origin. This helps during comparison with the curves generated by mechanisms in the atlas. 2 � � Section 2 reviews the use of Fourier coefficients for describing a planar curve. Geometric meaning can be assigned to the coefficients for low harmon ics, and this allows curves to be normalized to remove the effects of differences due to scaling, translation and rotation. Section 3 gives an overview of the approach used here for creating and then using an atlas of spherical four-bar mechanisms. The procedure for projecting a closed curve onto a plane depen dent upon its geometry is given in section 4, and the method for finding the best sphere fitting the given curve is given in section 5. Section 6 discusses how optimization techniques can be used to improve the match between a curve from the atlas and the required path. Section 7 provides an example of using an atlas to find spherical mechanisms to generate a given curve, and section 8 draws some conclusions.
Fourier representation
The use of Fourier coefficients to represent closed planar curves [28] is here briefly reviewed. For convenience, the curve is regarded as being made up of discrete points and these are taken to lie in the complex plane. This means that the typical point is a complex number of the form
where i is the square root of −1 and t is a parameter (which might for example represent time). For simplicity, it is assumed that the parameter is normalized to run between 0 and 1 as the curve is traced out, with z(0) = z (1) .
The standard Fourier theory (assuming that z(t) satisfies Dirichlet's con ditions [29] ) says that z(t) can be represented as the doubly infinite series
where the constant coefficients c m are normally non-real and are given by
0 with the integral being over a full cycle. For convenience, the coefficient c 0 is called the fundamental, coefficients c 1 and c −1 are regarded as forming the first harmonic, coefficients c 2 and c −2 the second harmonic, and so on.
It is unlikely, in practice, that a required output curve is available as an explicit function. It is often more convenient to describe the curve in terms of a sequence of points lying along it. This means that the integrations need to be carried out numerically. Suppose that N points are prescribed along the curve z 0 , z 1 , z 2 , . . . , z N−1 and this sequence is treated as being circular in the sense that z k+N is the same point as z k .
There are two cases that can be considered. Suppose that the points correspond to equally spaced values of the parameter t, which is regarded as representing the time taken in travelling along the curve. The step length for numerical integration is (1/N ). The trapezium rule gives the following approximation for the Fourier coefficients.
This is the time dependent case. If some of the points are given close together, then progress around the curve is slowed down. If others are spaced out, then the speed is greater. The time independent case, in which the points simply represent the geometry of the path, can be dealt with similarly [28] .
There are certain properties of the Fourier coefficients which can be drawn out. When m = 0, equation (1) states that the fundamental coefficient, c 0 , is simply the average of all the points along the path. It thus represents their centroid. When dealing with a path defined by discrete points, equation (2) shows that this coefficient is the average of the given points.
This means that z(t) − c 0 is a closed curve whose centroid is at the origin of the complex plane.
The first harmonic terms form the function
which can be rewritten as
where
In the expression for z 1 (t), the term in the square brackets generates an ellipse. Its centre is at the origin of the complex plane and its semi-major and semi-minor axes are of lengths (r 1 + r −1 ) and (r 1 −r −1 ) respectively. The ellipse is multiplied by the complex exponential exp(i�) which has the effect of rotating it through an angle � anticlockwise.
If r 1 > r −1 , then the semi-major axis has positive length and this means that the ellipse is traced out anticlockwise as t varies from 0 to 1. If r 1 < r −1 , then the ellipse goes clockwise. If r 1 = r −1 , then the ellipse reduces to a straight line lying at angle � to the real axis.
The same idea also applies to the higher harmonics. The expression
again represents an ellipse centred at the origin. However, as the parameter t goes from 0 to 1, this ellipse is traced out m times. Figure 1 shows an example of building up a given closed curve from its harmonics. The main part of the figure shows the original curve itself. Part 1 shows the ellipse formed by c 0 and the first harmonic terms. In part 2, the second harmonic terms are added in, and so on, with part 5 giving the result of the partial sum of the Fourier series up to and including the fifth harmonic. It is seen that the original curve is reproduced accurately with just three harmonics (except for the sharp corner which is not well represented until higher harmonics are introduced). Table 1 gives the complex Fourier coefficients of the fundamental and first five harmonics. What is seen is that the (absolute) values of these decrease for the higher harmonics.
It is possible to use the Fourier coefficients to perform normalization on the curve [28] . As noted above, the centroid can be moved to the origin by translating through −c 0 . For the new curve c 0 becomes zero. The coefficients for the first harmonic are next used. The curve is rotated through angle −� which tends to align the largest diameter across the curve with the real axis. This has the effect of multiplying the Fourier coefficients by exp(−i�). If |c 1 | > |c −1 |, then the curve is traced out in the anticlockwise sense. If this inequality does not hold, then all the c m and c −m are interchanged. The value of |c 1 | can be regarded as a scaling factor. The curve is further normalized by dividing all the Fourier coefficients by |c 1 |.
The next step is to adjust the point of the curve where the parameter is zero. The normalization undertaken so far has reduced c 1 to exp(i�). If the parameter t is replaced as follows
then the Fourier coefficient c m becomes c m exp(−i�). In particular, the coef ficients for the first harmonic become purely real, with c 1 = 1 and c −1 = r −1 .
The final piece of normalization relates to the coefficient c −2 which is re lated to the second harmonic. Its real and imaginary parts are both made positive as follows. If its real part is negative, then the signs are reversed of the real parts of the even coefficients and the imaginary parts of the odd coef ficients. This corresponds to a reflection in the imaginary axis (although it is more convenient to obtain it by a reflection in the real axis and incrementing � and � by �). If the imaginary part of c −2 is negative, then the signs of the imaginary parts of all the coefficients are reversed. This is equivalent to a reflection in the real axis. These various normalization steps leave the curve and its Fourier param eters in a standard form. The overall normalization process represents a transformation of the plane. Of course, the original curve can be recovered by applying the inverse transform to the normalized points.
Approach
The typical spherical four-bar mechanism is shown in figure 2. It com prises three moving links: the crank AB, the coupler BC, and the driven link CD. The pivots A and D are fixed on a sphere. The sphere is assumed to have unit radius with its centre at the origin. The links can be regarded as arcs of great circles and their lengths are equal to the angles subtended at the centre of the sphere. Let |DA| = a 0 , |AB| = a 1 , |BC| = a 2 , |CD| = a 3 .
The point P is an offset point which moves with the coupler link BC. As the mechanism cycles, P traces out a coupler curve. The position of P can be specified in a number of ways. One way is shown in figure 3 . This shows the coupler link (in its own local coordinate system) lying on a sphere with centre O with the link itself represented by the arc BC lying in the (local) xy-plane. End B lies on the x-axis. Plane OP F is perpendicular to plane OBC. The angles π and θ shown in the figure then determine the position 7 of P . The lengths of the great arcs BP and CP are given as follows [30] . To construct an atlas of mechanisms, a means is required for obtaining a normalized form of the coupler curve for a given mechanism. An overview is given here and more details are added in later sections. In order to apply the Fourier technique of section 2, the coupler curve needs to be converted to a planar curve. A central axis is constructed (as discussed in section 4) which passes through the "middle" of the curve. This depends purely upon its geometry and is independent of the coordinate system used. Figure 4 shows a curve (part 1) and its central axis (part 2). It is straightforward to The Fourier normalization is now applied to the planar curve. Impor tantly, no translation of the curve can be allowed as this would move it away from the sphere. So the central axis is chosen so that the centroid of the curve lies at the origin of the plane and no translation is needed. The nor malizing transform requires a rotation of the curve (about the central axis) as shown in part 5 of figure 4. It may also require a scaling and a reflection as discussed in section 2.
The curve and the mechanism that creates it can now be added to the atlas. The mechanism parameters a 0 , a 1 , a 2 , a 3 , π, θ are stored together with details of the normalizing transform and the first few Fourier coefficients of the curve. For the examples used here, the fundamental and the first five harmonics are used. Since the dyad formed by the coupler and driven links can assemble in either of two ways, it is also necessary to record which one is used. This can be done by storing, for one position in the cycle, the angular orientations of the crank and driven links with respect to the base arc AD, and the orientation of the coupler with respect to the crank. The full atlas is created by building a parametric model of the spherical four-bar mechanism and then running this over combinations of variations in the values of the six parameters a 0 , a 1 , a 2 , a 3 , π, θ. Since part of the normalization process is the rotation to bring the central axis into the zdirection, there is no need to consider variations in the positions of the pivots A and D. It is sufficient to take (say) A along the positive x-axis and for D to lie in the xy-plane.
When each variant mechanism is run, it is checked to see that it completes a full cycle and that the coupler curve returns to its start point. If these tests fail, then of course the mechanism is not entered into the atlas. Other tests for suitability can be applied: for instance, that the transmission angles between pairs of links lie in acceptable ranges.
When the atlas is used, the procedure is similar. A closed curve is spec ified. It assumed that this lies on (or close to) a sphere. The centre and radius of this sphere are found using a least squares technique (cf. section 5). The path is translated so that the centre of the sphere lies at the origin, and scaled so that the radius is unity.
The curve is then normalized by finding its central axis, rotating this into � the z-direction, projecting the curve onto the xy-plane, and applying the Fourier normalization (parts 1-5 of figure 4) . Suppose that T c is the overall transform applied to the curve. The Fourier coefficients of the curve c m are now found. These are now compared with the coefficients c m � of each entry in the atlas. The measure of closeness is
(where the sum is for the first few harmonics that are used) and the en tries with the lowest scores are extracted. Part 6 of figure 4 shows such a mechanism and the curve it generates. If T e is the transform applied to the extracted mechanism when it was stored, then the transform T c −1 T e is applied to the mechanism (in its original coordinate system) to obtain a mechanism generating approximately the given path (in its original coordinate system).
The purpose of the atlas is not to find a perfect match with a given curve, but instead to provide a starting point from which to search for a suitable mechanism. Optimization techniques can be applied to improve the match (part 8 of figure 4 ). Many methods are available for such optimization and their use is discussed in section 6.
As seen in parts 6 and 7 of figure 4, the approximating curve may not lie on a unit sphere because of the scaling applied when it was stored. So it is necessary during the optimization process, to reset this radius to unity.
It is of course possible, when the atlas is created, not to invoke the scal ing part of the Fourier normalization so that the radius is always correct. However, allowing scaling to take place gives potentially a greater selection of possible approximations and, for this reason, scaling is used in the atlas here.
Rather than just finding the closest match in the atlas, it is also worth selecting the closest first few and presenting these to the user. It is likely these alternative mechanisms are different and some may be more acceptable (as starting points) than others in view of additional constraints that need to be taken into account, perhaps regarding positions of the pivots and avoidance of clashes.
Creating a planar curve
This section considers the projection of a closed curve on the surface of a sphere onto a plane. It is assumed that the sphere has unit radius and that its centre lies at the origin O. If a point Q on the surface of the sphere is chosen, then a gnomonic or central projection [31] can be used, mapping the sphere onto the plane through Q perpendicular to the radial line OQ. Figure  5 shows the projection. If r is the position vector of a point on the sphere, then its image R is
where q is the position vector of Q relative to the origin. It is radial line OQ that is used as the central axis in the approach given in section 3. Care in the choice of Q is needed as is now discussed. where the dash denotes differentiation with respect to s. Using the facts that r · r = 1 = r � · r � and r · r � = 0, it follows that
Let S denote arc length along the projected curve. Then |R � | = dS/ds, and hence
The projection used needs to ensure that the Fourier coefficient c 0 of the projected curve is zero, so that no translation is required in its normalization (cf. section 2). Since c 0 represents the centroid of the curve by equation (1), consider C the position vector of centroid of the projected curve relative to Q. If L is the total length of the projected curve, then
The requirement that C = 0 leads to the following eigen-problem whose solution is q.
It is possible to solve equation (4) directly by numerical methods. An alternative is to minimize the right hand side of equation (3) with respect to variation in the unit vector q.
However, as the atlas is only intended to provide starting points for mech anism searches, great accuracy in the choice of q is not necessary. So consider the following approximation. Assume that the curve is "small" and lies close � � to the point Q. Then for all points r(s) on the given curve, r · q � 1 and r � · q � 0. Equation (4) now becomes Lq = r(s) ds (5)
Thus the vector q can be found by evaluating the integral in equation (5), and this only involves the given curve.
If the curve is specified as a sequence of N discrete points r i for 0 � i � N − 1, then the integral can be evaluated using the trapezium rule. This leads to the following expression for q
where the sequence is regarded as being circular, so that r N = r 0 , and α is the scalar factor required to make q a unit vector. This provides the central axis OQ for normalizing the given curve.
Spherical fitting
It is necessary to consider how to find a best fit sphere through a given collection of 3D points. Suppose that n points are given with coordinates (x i , y i , z i ) for 1 � i � n. If the best fit sphere through these points has radius R and centre at (X, Y, Z), then its equation is
So a measure e i of the error at point i is
Then the total error E can be measured as
Following the usual least squares approach, E is treated as a function of X, Y , Z and K. When E is minimal, its partial derivatives are zero.
These represent a system of linear equations for finding the four un knowns. The system can be rewritten in matrix form
where � n i=1 1 = n, the number of points. As an example, consider the set of 64 points around the 3D path given in Table 3 of [25] . Setting up and solving equation (7) Figure 6 : Views of points around 3D path from [25] normalized to lie on unit sphere improve the match between the path that is obtained by the selection from the atlas and what is required. The improvement step is that suggested in part 8 of figure 4 . A number of methods for undertaking such improvement have appeared in the literature (for example [12, 13, 14, 15] ). These use various optimization schemes to try to improve a suitable measure of the goodness of fit between the path generated by a candidate mechanism and given precision points.
It might be argued that such methods are over-elaborate when the mech anism is as simple as a spherical four bar linkage. The number of design variables is just nine: six are the parameters of the mechanism, and three are those associated with a general rotation (about an axis through the centre of a the sphere). This means that any of the standard optimization methods (cf. [32] ) is usable provided a good "seed" mechanism is available to start the search (and this is what the atlas provides). In particular, direct search methods are attractive as they do not require (explicit) information about derivatives.
The measure of fit can be a comparison of Fourier coefficients. Effectively this is an extension of the approach used to make the selection from the atlas. An alternative measure is the root mean square (rms) of the distances between corresponding points on the given and approximating curves.
It is this second measure that is used with the example in section 7. It has the advantage that it deals with the actual geometry of the situation and so reduces dependency on the assumptions made using the Fourier rep resentation. These include the use of a limited number of Fourier coefficients and the approximation inherent in regarding the curve as being small (sec tion 4). (Such assumptions are of course of no consequence when the atlas is used to select a mechanism as the aim then is simply to find a close ap proximate match.) The other reason for the choice of measure is that in the implementation used to deal with the examples here, the final improvement stage was undertaken separately from the use of the atlas. It was carried out using a constraint modelling environment (discussed in [33] ) and it was more straightforward to evaluate the rms measure in the user language of that environment. The optimization method used (within the environment) was Powell's direct search method [32] (but other methods work as well).
Example of using the atlas
An example is given of using an atlas to find spherical four-bar mecha nisms which can generate a given curve. The atlas is constructed as discussed in section 3. For simplicity, the atlas used here is created fairly coarsely with the variations in the values of the links lengths being 15 degrees. It is of course straightforward to create a more refined version at the expense of a larger size.
The example uses the same curve as given in [25] . It is specified by 64 points. The first stage here is to find a sphere upon which the points lie. This is done in section 5 and it allows the curve to be translated and scaled so that it lies on a unit sphere whose centre is at the origin. The resultant points are given in table 2.
The central axis is found using equation (6) and q is the vector with components (0.8836, −0.3920, 0.2560). When the Fourier coefficients of the projected planar curve are found, the fundamental is c 0 = (8 + 95i) × 10 −6 , which is small and so shows that the approximation inherent in equation (5) is justified in this case.
The planar curve is used as the basis of a search of the atlas. Table 3 gives three selections, and these are shown in figures 7, 8 and 9. In the lower part of the table, R is the radius of the sphere, and A x , A y , A z , D x , D y , D z are the coordinates of the pivot points A and D. Mechanism 1 is the best match found in the atlas. Mechanism 2 is the next closest match. Mechanism 3 is a somewhat poorer match but is chosen here for illustration since its radius is significantly different from unity.
Also shown in the table is the result of improving each of the mecha nisms by varying their link sizes (a 0 , a 1 , a 2 , a 3 , π, θ) and orientations (nine degrees of freedom in total) and minimizing the root mean square (rms) of the distances between corresponding points on the given and approximate curves. As noted in section 6, Powell's direct search method was used for this improvement stage. Before the improvement, the rms values are not small (partly because the mechanisms have a radius other than unity), but after improvement, the values drop to less than 0.02.
As is clear, the original mechanisms from the the atlas and their im proved versions are very dissimilar. This is a case where offering the designer more than one option from the atlas is helpful as it can allow other design considerations to be taken into account.
Conclusions
When creating an atlas of mechanisms and their coupler curves, a method is required to describe the curve and to normalize it (and its mechanism) so that duplicates are not stored and the size of the atlas is reduced. The use of Fourier coefficients is one way to achieve this for planar curves, and this allows normalization to remove the effects of translation, rotation and scaling.
This paper has considered the case of spherical four-bar mechanisms: here the coupler path is no longer planar. It has been seen that it is possible to find a sphere which is the best fit to a given curve and this allows the curve to be normalized (by translation and scaling) so that it lies on a unit sphere whose centre is at the origin. Table 3 : Three mechanisms selected from atlas and their improved versions It has also been shown how to construct a central axis, dependent only upon the geometry of the curve, so that the curve can be projected onto a plane normal to this axis, independent of the world coordinate system. This allows the Fourier technique to be used on the resultant planar curve which provides further normalization of the curve (by rotation and scaling).
An atlas of spherical four-bar mechanisms has been created using these techniques and its application to finding mechanisms to generate a given curve has been demonstrated.
The atlas deals with path of the coupler point and matching this with a design requirement. Spherical mechanisms have the property of generating motions within three dimensional space. So there may be a need not only to follow a given path but also to achieve a given orientation (of the local refer ence frame) at each step: thus it is the full motion that needs to be matched. Future work is to consider how to hold both position and orientation within the atlas (possibly in Fourier form), and then how to extract good matches to meet given motion requirements. A difficulty here is the fact that posi [4] H. Kocabas, Gripper design with spherical parallelogram mechanism. Journal of Mechanical Design 131 (2009) 075001:1-9.
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